Abstract. We present a new short proof of the explicit formula for the group of links (and also link maps) in the 'quadruple point free' dimension. Denote by L m p,q (respectively, C m−p p ) the group of smooth embeddings S p ⊔ S q → S m (respectively, S p → S m ) up to smooth isotopy. Denote by LM m p,q the group of link maps S p ⊔ S q → S m up to link homotopy.
) the group of smooth embeddings S p ⊔ S q → S m (respectively, S p → S m ) up to smooth isotopy. Denote by LM m p,q the group of link maps S p ⊔ S q → S m up to link homotopy. ∼ = π S p+q+1−m . Our approach is based on the use of the suspension operation for links and link maps, and suspension theorems for them.
Introduction

This paper
1 is on knotting problem of higher dimensional manifolds (for recent surveys see [21, 24] ). We study knots and links in codimension at least 3, where a complete answer can sometimes be obtained, in contrast to the classical situation of simple closed curves in R 3 . Denote by L m p,q the set of smooth embeddings S p ⊔S q → S m up to smooth isotopy. Denote by C m−p p the set of smooth embeddings S p → S m up to smooth isotopy. For p, q ≤ m − 3 these sets are commutative groups with respect to 'componentwise connected sum' operation [8] .
The main result of this paper is a new short proof of an explicit formula for the group L the set of link maps S p ⊔ S q → S m up to link homotopy. For p, q ≤ m − 3 this set is a commutative group with respect to 'componentwise connected sum' operation (by [22, p. 187] , [12, Remark 2.4] and 'link concordance implies link homotopy' theorem cited below).
The second result of this paper is a short proof of the following theorem: . The isomorphism is the α-invariant (see §3). The second inequality is sharp [6] . Theorem 1.3 is the strongest known explicit classification of link maps for p, q ≤ m − 3. However, under slightly weaker dimension restriction there is an exact sequence involving the groups LM [12] . Thus Theorem 1.3 follows from the following assertion: Theorem 1.4 (Suspension theorem for link maps). [6] If p, q ≤ m − 3 then the suspension map is bijective for 2p+2q ≤ 3m−5 and surjective for 2p+2q ≤ 3m−4.
This theorem has been known earlier only as a corollary of Theorem 1.3. We give a short direct proof of Theorem 1.4 analogous to Zeeman's proof of the higherdimensional Poincaré conjecture and using a version of Alexander's trick. Our proof is almost self-contained, we use only 'concordance implies isotopy' theorem.
Let us introduce some notions and conventions. An embedding f : X × I → S m × I is a concordance if X × 0 = f −1 (S m × 0) and X × 1 = f −1 (S m × 1). We tacitly use the facts that in codimension at least 3 concordance implies isotopy and any concordance or isotopy is ambient [9] .
Similarly, a link concordance is a continuous map f :
. In codimension at least 3 link concordance implies link homotopy, which was announced in [17] , cf. [1, 16, 14] , and proved in [18] .
We say that a link map f : S p ⊔S q → S m is null link concordant, if it extends to a link map D p+1 ⊔D q+1 → D m+1 . The latter link map is called null link concordance. This paper is organized as follows. In §2 we prove Theorem 1.4. In §3 we deduce Theorem 1.1 from Theorem 1.4. Sections §2 and §3 can be read independently from each other.
In [2, 3] (cf. [23] ) a similar approach is applied to the classification of embeddings
Classification of link maps
We prove Theorem 1.4 as follows. First we prove the surjectivity in case p ≤ q. Then we prove analogously the injectivity in case p ≤ q, and finally we deduce the case p > q of Theorem 1.4 from the case p ≤ q.
Let us introduce our main notion and state our main lemma.
− be the standard decomposition of the sphere, where
is standardized if the following 3 conditions hold:
Lemma 2.2. Suppose that p ≤ q + 1, p ≤ m − 3 and 2p + 2q ≤ 3m − 5; then any link map f : S p ⊔ S q → S m is link homotopic to a standardized link map.
Proof of the surjectivity in 1.4 for p ≤ q modulo 2.2. Take a link map f : S p+1 ⊔ S q → S m+1 . Let us modify it to a suspension by a link homotopy. By Lemma 2.2 we may assume that f is standardized. Push f S q along the fibers of
, respectively (by a rectilinear link homotopy). The obtained link map is the suspension of a link map
Now we proceed to the proof of Lemma 2.2. First we prove it for p ≤ q, then for p = q + 1. The proofs of all technical claims below can be skipped for the first reading. From now till the end of §2 we work in piecewise linear category. Figure 2 to the left.) Consider the self-intersection set of Figure 2 . Splitting of the spheres S p and S m the p-component S(f ) = Cl{ x ∈ S p : |f −1 f x| ≥ 2 }. Let A + be the skeleton of S(f ) formed by the simplices of dimension not greater than
. Let A − be the subcomplex dual to A + (i. e., A − is the subcomplex formed by all simplices σ of the first barycentric subdivision of S(f ) such that σ ∩ A + = ∅).
. Take generic extensions i ± : CA ± → S p of the inclusions A ± ֒→ S p . They are embeddings, because 2(p−[
Proof. This follows from dim(
(2q + 2p − 3m + 4) < 0, which is a corollary of the assumptions p ≤ q + 1 and 2p + 2q ≤ 3m − 5.
Take disjoint regular neighborhoods of B ± in S p . Perform an orientationpreserving homeomorphism S p → S p taking these neighbourhoods to the balls of the standard decomposition Figure 2 to the right.) Take subpolyhedra C ± ⊂ S m such that C ± ⊃ f B ± and C ± ∼ = Cf B ± (constructed analogously to Claim 2.3).
Proof. This follows from the inequalities 2(p − [ To satisfy property (3) perform the following homeomorphism S m → S m .
(3) Construction of the 2nd homeomorphism S m → S m : straightening f (S p−1 × I).
Proof. Take the first barycentric subdivision of the triangulation from step (1). Then each simplex σ ⊂ S(f ) such that σ ⊂ A + ∪A − is the join of two simplices σ + ⊂ A + and σ − ⊂ A − . By Claim 2.4 the polyhedra σ ∩D p ± are regular neighborhoods of
Proof. (The Alexander trick) By Claim 2.6 the inclusion i :
Perform an ambient isotopy of S p−1 × I making i an isotopy. Since any isotopy is ambient, there is a homeomorphism h : Proof of Lemma 2.2 for p = q + 1. The proof is analogous to the proof in case p ≤ q, only the cones B ± and C ± should be replaced by collapsible polyhedra given by the following claim, cf. [9] . Claim 2.9. There are collapsible subpolyhedra B ± ⊂ S p and C ± ⊂ S m satisfying Claims 2.4 and 2.5.
Proof. (The Irwin trick) LetB ± be the polyhedra given by Claim 2.3. DefineC ± analogously. These polyhedra satisfy all the required properties exceptC ± ∩ f S p = fB ± . By the inequality dim(
consists of finitely many points not belonging to S(f ). Join each of these points withB ± by a generic arc in S p . Let B ± be the union of these arcs and the coneB ± . Adding appropriate cones over f (B ± −B ± ) toC ± , we get a collapsible polyhedron C ± ⊂ S m such that dim(C ± −C ± ) ≤ 2. The polyhedra B ± and C ± are the required.
The injectivity in Theorem 1.4 is proved by a relative version of the above argument. A standardized link map f :
is the equator of ∂D k . 
Clearly, it suffices to make the link mapf standardized (performing homeomorphisms ofD p andD m fixed on the boundary).
(1) Construction of a homeomorphismD p →D p for p ≤ q. Let A + be the union of ∂D p−1 + and all simplices of S(f ) having the dimension not greater than
and satisfying Claim 2.4.
Proof. Take a generic homotopy
± . Let B ± be the trace of i t .
Take appropriate regular neighborhoods of
± . Perform a homeomorphismD p →D p fixed on the boundary, taking them to the balls of the standard decomposition ofD p .
Steps (2) and (3) from the proof of Lemma 2.2 are modified analogously.
Thus we have proved Theorem 1.4 for p ≤ q.
Proof of Theorem 1.4 for p > q. The map Σ is surjective as the composition
,q , in which all the maps are well-defined and surjective by the case p ≤ q of Theorem 1.4. The injectivity of Σ is proved analogously.
Classification of links
We prove Theorem 1.1 as follows. First we prove a suspension theorem for links (Theorem 3.1) reducing the classification of links to the classification of disc link maps. Then we simplify the group of disc link maps, and find it using the classification of link maps. Formally, 1.1 follows from 1. • • Figure 3 . Geometric EHP sequence for links S m × I, whose restriction to S q × I is a concordance. Let L m p,q be the set of almost links up to almost concordance. For p, q ≤ m − 3 this set is a commutative group with respect to 'componentwise connected sum' operation. It is not difficult to see that this group is isomorphic to π p (S m−q−1 ) (cf. Definition of λ below). A disc link map is a proper link map f :
p,q be the set of disc link maps up to disc link homotopy. For p, q ≤ m − 3 it has a natural commutative group structure. 
Proof. Construction of the homomorphisms. Let e be the obvious map. Let p be the 'restriction to the boundary' map. The map h is the 'cutting' homomorphism defined as follows. Take a generic almost link f : S p ⊔ S q → S m . Take a generic pair of points x ∈ f S p and y ∈ f S q and join them by a path l meeting f (S p ⊔ S q ) only at ∂l. LetD m be the complement to a small neighborhood of l in S m . Denote byD p ⊔D q = f −1Dm . Set h(f ) to be the restriction of f to a mapD p ⊔D q →D m . Proof of the exactness. We have Im p = Ker e because a link f : 
) is a concordance. By 'concordance implies isotopy' theorem we may assume that this restriction is levelpreserving. Then the Alexander trick shows that the embedding f :
is ambient isotopic to the restriction f :D p ⊔D q →D m . The latter embedding is trivial, thus h • e = 0.
To prove Ker h ⊂ Im e, take f ∈ L m p,q such that h(f ) = 0. By definition, there exist a disc link concordance c between h(f ) and an embedding. We may assume that the restriction of c to the boundary is an isotopy. By isotopy extension theorem 
It is possible by the following theorem proved similarly to [9] , because the pair (D 
and θ k+1 (i 1 , i 2 )) for all k ≥ 0 such that kp 1 + p 2 ≥ (k + 1)(m − 2), the proposition follows. A possible reason why this improvement was not noticed in [8] was that the restriction 2p 1 + 2p 2 ≤ 3m− 7 did not appear there in contrast to 3p 1 •
